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We deduce an evolution equation for an arbitrary hybrid Seiberg-Witten
map for compact gauge groups by using the antifield formalism. We
show how this evolution equation can be used to obtain the hybrid
Seiberg-Witten map as an expansion, which is θ -exact, in the num-
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der three in the number of ordinary gauge fields and then particular-
ize it to case of the Higgs of the noncommutative Standard Model.
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1 Introduction
The Seiberg-Witten map was introduced in ref. [1] to account for the fact that at the classical
level the same underlying field theory can be defined by using either noncommutative gauge
fields or ordinary gauge fields. Indeed, when noncommutative gauge fields are used to define the
theory, the classical action is a polynomial with regard to the ⋆ -product of the noncommutative
gauge fields and their derivatives and it is, the classical action, invariant under noncommutative
U(n) gauge transformations. However, this action turns out to contain an infinity of terms
with ever increasing powers of the noncommutativity parameters, when ordinary gauge fields
are employed to define it. The action in question is invariant under ordinary U(n) gauge
transformations, when expressed in terms of the ordinary fields.
Strictly speaking, before the formalism proposed in Refs. [2, 3, 4] came about, the Stan-
dard Model of particle interactions had no counterpart on noncommutative space-time –see,
though, ref. [5] for a close relative of the Standard Model. The formalism in question is
called the enveloping-algebra formalism because the noncommutative gauge fields take values
in the enveloping algebra of the Lie algebra of the corresponding ordinary gauge theory. In
the enveloping-algebra formalism the noncommutative gauge fields are defined in terms of the
ordinary gauge fields by using a Seiberg-Witten map, and thus the ordinary infinitesimal gauge
orbits are mapped into infinitesimal noncommutative ones. Noncommutative matter fields are
defined in terms of the ordinary gauge fields and matter fields by using the appropriate Seiberg-
Witten map. By employing the enveloping-algebra formalism the noncommutative counter-
part of the Standard Model of particle interactions was finally formulated in ref. [6]. Some
phenomenological consequences that arise when the Standard Model is formulated on noncom-
mutative space-time have been analyzed in Refs. [7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18]. The
general construction of noncommutative GUTs was discussed in ref. [19] and concrete exam-
ples were given in Refs. [20, 21]. The Seiberg-Witten map has also been instrumental in the
formulation of noncommutative gravity theories: see, for instance, Refs. [22, 23, 24, 25, 26, 27].
If the Seiberg-Witten map is computed by expanding the noncommutative fields in powers
of the noncommutativity parameters and only a finite number of those terms are considered
in the computations, one misses the UV/IR mixing effects that are a key feature [28, 29] of
noncommutative gauge theories when formulated in terms of the noncommutative fields. It
was shown in ref. [30] that if the Seiberg-Witten map is defined as an expansion in powers of
the coupling constant, or as an expansion in the number of ordinary fields, the UV/IR mixing
effects do occur also when the noncommutative theory is expressed in terms of the ordinary
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fields; provided no expansion in powers of the noncommutativity parameters is carried out.
This Seiberg-Witten map, where there is no expansion in the noncommutativity parameters,
is referred to as the θ -exact Seiberg-Witten map. Several very interesting studies of the
properties and phenomenological implications of the noncommutative field theories defined by
means of the θ -exact Seiberg-Witten map have been carried out so far –see Refs. [31, 32, 33,
34, 35, 36], but much work is still waiting to be done.
The computation of the θ -exact Seiberg-Witten map by brute force –ie, by coming up
with an ansatz that solves the Seiberg-Witten map equation– for nonabelian gauge groups
is a daunting task due to the highly involved non polynomial dependence of the map on
the momenta. In ref. [37], it was put forward a recursive method to construct a θ -exact
Seiberg-Witten map for arbitrary gauge groups. The method in question produces a solution
to the “evolution” Seiberg-Witten map equation, an equation which was obtained in Refs. [38,
39, 40, 41] by using the antifield formalism techniques –see Refs. [42, 43, 44], for alternative
cohomogical approaches and also ref.4[45]. However, there is an important type of Seiberg-
Witten map which was not considered in ref. [37] and whose “evolution” equation has not been
derived neither in Refs. [38, 39, 41] nor elsewhere. This type of Seiberg-Witten map is called
the hybrid Seiberg-Witten map –see ref. [46]– and it is needed when we have noncommutative
matter fields on which some noncommutative gauge transformations act from the left and
others act from the right. The hybrid Seiberg-Witten map is a must when one wants to analyze,
using ordinary fields, noncommutative theories with noncommutative fields which transforms
under the fundamental representation of the Lie algebra of U(nL) on the left and under
the fundamental representation of Lie algebra of U(nR) on the right. Actually, the concept of
hybrid Seiberg-Witten map was introduced in ref. [6] to construct the noncommutative Yukawa
terms of the noncommutative Standard Model. Generally speaking, a noncommutative Yukawa
term demands the existence of a hybrid Seiberg-Witten map for it to be expressible in terms
of ordinary fields [19, 47].
The purpose of this paper is threefold. First, to obtain, by using the antifield techniques of
Refs. [38, 39, 40, 41], an “evolution” equation for a general hybrid Seiberg-Witten map. The
reason why we shall use the anti-field formalism, and not a more direct method as in ref. [1], is
that we want to fill a non-negligible gap that exists in the current literature. Indeed, we want
to show that noncommutative gauge theories where there is a hybrid Seiberg-Witten map –the
noncommutative Standard- Model, in particular– also fall in the category of consistent defor-
mations of gauge theories as defined in Ref. [38] by using the fruitful anti-field formalism and,
hence, that the hybrid Seiberg-Witten map corresponds to an anticanonical transformation.
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This approach -the consistent deformation one– to the formulation of noncommutative gauge
theories has proved to be very illuminating and played a chief role [48] in the proof of the
triviality of the θ -dependent contributions to the noncommutative gauge anomaly expanded
in powers of θ . Second, to show that it can be solved recursively in Fourier space by carry-
ing out a formal expansion of the noncommutative fields in terms of the number of ordinary
gauge fields. Thus, no expansion in the noncommutativity parameters is introduced. Third,
to work out the θ -exact expression for a general hybrid Seiberg-Witten map up to order three
in the number of ordinary gauge fields and particularize them to the noncommutative Higgs
fields that occur in the noncommutative Standard Model of ref. [6]. It should be stressed that
defining the Seiberg-Witten map as a formal expansion in the number of ordinary gauge fields
is quite in keeping with a formulation of the corresponding quantum field theory in terms of
Feynman diagrams.
The layout of this paper is as follows. In Section 1, we derive by using the antifield
formalism an “evolution” equation which defines a general hybrid Seiberg-Witten map. In
section 2, we show how solve recursively the hybrid Seiberg-Witten map “evolution” equation
by expanding in the number of gauge fields in Fourier space. The resulting general hybrid
Seiberg-Witten map is worked out explicitly up to order three in the number of gauge fields.
Then, the general formulas are particularized to the Standard Model Higgs case and a θ -
exact expression is obtained for the type of Yukawa terms that occur in the noncommutative
Standard Model. Several appendices are included, which contain lengthy expressions not given
in the main sections of the paper.
2 The hybrid Seiberg-Witten map and the antifield formalism
Let La and Ra denote the generators, in arbitrary faithful finite dimensional matrix uni-
tary representations, of compact Lie groups GL and GR , respectively. La and Ra will
be hermitian matrices of dimension nL and nR , respectively. Let aµ(x) = a
a
µ(x)La and
bµ(x) = b
a
µ(x)Ra be ordinary gauge fields whose BRST transformations read
saµ = ∂µλ+ i[aµ, λ], s bµ = ∂µω + i[bµ, ω],
where λ(x) = λa(x)La and ω(x) = ω
a(x)Ra denote the corresponding ordinary ghost fields.
Let φ(x) denote an ordinary scalar field which transforms as follows
sφ = −i λφ + i φω,
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under the BRST transformations that GL –acting from the left– and GR –acting from the
right– give rise to.
Notice that φ(x) is valued in the space of nL × nR complex matrices; where nL and nR
are the dimensions of the matrices which represent La and Ra , respectively. Let us point out
that it will become clear that the Seiberg-Witten map “evolution” equations presented below
remain valid when φ(x) is a fermion field, but that we shall take φ(x) to be a scalar to avoid
the proliferation of indices.
Let the Moyal product, ⋆h , of two functions, f1 and f2 , be defined as follows:
(f1 ⋆h f2)(x) =
∫
d4p
(2π)4
d4q
(2π)4
f˜1(p)f˜2(q) e
−ih
2
(p∧q) e−i(p+q)x,
where p ∧ q = θij piqj . f˜1 and f˜2 are the Fourier transforms of f1 and f2 , respectively.
In the enveloping-algebra formalism [4], to the ordinary gauge fields aµ and its ghost field
λ , one associates a noncommutative gauge field, Aµ , and a noncommutative ghost field Λ ,
respectively. Aµ = Aµ[aρ, θ] and Λ = Λ[aµ, λ; θ] are functions of aµ , λ and θ
ij , such that
they are a solution to the Seiberg-Witten map equations
sNCAµ[aρ; θ] = sAµ[aρ; θ], sNCΛ[aρ, λ; θ] = sΛ[aρ, λ; θ],
Aµ[aρ, θ = 0] = aµ, Λ[aρ, λ; θ = 0] = λ.
(2.1)
Above, the symbol sNC denotes the noncommutative BRST operator, which, by definition,
acts on Aµ and Λ as follows:
sNC Aµ = ∂µΛ + i[Aµ,Λ]⋆h, sNC Λ = −iΛ ⋆h Λ. (2.2)
Analogously, one associates to the ordinary gauge field bµ and its ghost field ω , a noncom-
mutative field, Bµ = Bµ[bρ, θ] , and a noncommutative ghost field, Ω = Ω[bρ, ω; θ] . Bµ[bρ, θ]
and Ω[bρ, ω; θ] are a solution to
sNCBµ[bρ; θ] = sBµ[bρ; θ], sNCΩ[bρ, ω; θ] = sω[bρ, ω; θ],
Bµ[bρ, θ = 0] = bµ, ω[bρ, ω; θ = 0] = ω.
(2.3)
The action on sNC on Bµ and Ω is defined thus
sNC Bµ = ∂µΩ + i[Bµ,Ω]⋆h , sNC Ω = −iΩ ⋆h Ω. (2.4)
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Following Ref. [46], we shall associate a noncommutative field, Φ , to the ordinary field φ .
We shall assume that Φ = Φ[φ, aρ, bρ; θ] is given by formal power series of the ordinary fields
φ , aµ and bµ such that it satisfies the following equations
sNCΦ[φ, aρ, bρ; θ] = sΦ[φ, aρ, bρ; θ], Φ[φ, aρ, bρ; θ = 0] = φ, (2.5)
where
sNC Φ = −iΛ ⋆h Φ + iΦ ⋆h Ω, (2.6)
with Λ and Ω being the noncommutative ghost fields defined by (2.1) and (2.3), respectively.
A Φ = Φ[φ, aρ, bρ; θ] that solves (2.5) is called a hybrid Seiberg-Witten map. This map defines
the noncommutative field Φ in terms of the ordinary field φ , aµ and bµ in such a way that
maps the ordinary infinitesimal gauge orbit of φ into the noncommutative infinitesimal gauge
orbit of Φ .
To construct real actions one also needs the hermitian conjugate of Φ and φ , which we
shall denote by Φ¯ and φ¯ , respectively. As for the BRST transformations of Φ¯ and φ¯ , we
shall demand that
sNC Φ¯ = i Φ¯ ⋆h Λ − iΩ ⋆h Φ¯, s φ¯ = i φ¯λ − i ωφ¯,
sNCΦ¯[φ¯, aρ, bρ; θ] = sΦ¯[φ¯, aρ, bρ; θ], Φ¯[φ¯, aρ, bρ; θ = 0] = φ¯,
do hold.
The purpose of the current Section is to show that a solution to the hybrid Seiberg-Witten
map equations in (2.5) –ie, a Seiberg-Witten map– can be found by solving the following
“evolution” problem:
dΦ
dh
= 1
2
θij Ai ⋆h ∂jΦ +
i
4
θij Ai ⋆h Aj ⋆h Φ
+ 1
2
θij ∂jΦ ⋆h Bi −
i
4
θij Φ ⋆h Bj ⋆h Bi −
i
2
θij Ai ⋆h Φ ⋆h Bj
Φ[aρ, bρ, φ; hθ]
∣∣∣
h=0
= φ,
(2.7)
where Ai and Bi solve the following equations
dAµ
dh
= 1
4
θij{Ai, ∂jAµ + Ajµ}⋆h , Aµ[aρ; hθ]
∣∣∣
h=0
= aµ,
dBµ
dh
= 1
4
θij{Bi, ∂jBµ +Bjµ}⋆h, Bµ[aρ; hθ]
∣∣∣
h=0
= bµ,
(2.8)
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respectively. We use the following notation: Aµν = ∂µAν − ∂νAµ + i[Aµ, Aν ]⋆h and Bµν =
∂µBν − ∂νBµ + i[Bµ, Bν ]⋆h . It has already been shown –see [38, 39]– that (2.8) solve the
Seiberg-Witten equations in (2.1) and (2.3).
To show that by solving (2.7) one obtains a hybrid Seiberg-Witten map, we shall take
advantage of the cohomological techniques that were developed in Refs. [38, 39, 40, 41] in the
context of the antifield formalism. Following ref. [39] we shall prove first that the previous
statement is correct for the case of ordinary fields aµ and λ that take values in the fundamental
representation of the Lie algebra of U(nL) , along with ordinary fields bµ and ω which take
values in the fundamental representation of U(nR) . Once the proof for this (U(nL), U(nR))
case is completed, one finishes the proof for the (GL, GR) case by constraining aµ and λ to
take values in the initial nL -dimensional matrix representation of the Lie algebra of GL , and
bµ and ω to be valued on the nR -matrix representation of the Ra we started with. Notice
that this procedure works –see ref. [39]– since we are considering faithful representations of the
compact Lie algebras of GL and GR by hermitian matrices of finite dimension. Hence, until
otherwise stated La and Ra will be in the fundamental representation of U(nL) and U(nR) ,
respectively. This implies that until we say otherwise aµ , λ , Aµ and Λ will be elements of
the Lie algebra of U(nL) , with coordinates a
a
µ , λ
a , Aaµ and Λ
a ; and bµ , ω , Bµ and Ω
will be elements of the Lie algebra of U(nR) . with coordinates b
a
µ , ω
a , Baµ and Ω
a . We
should like to point out that the requirement of faithfulness of the representation is a technical
condition, not a fundamental one, needed for the approach used here to work.
In the antifield formalism –see [49, 50], for a reviews– one starts by associating an
antifield to each field and, then, one sets up the antibracket and the master equation.
Let FM = (Aaµ,Λ
a, Baµ,Ω
a,ΦiLiR, Φ¯
iR
iL
) denote the noncommutative fields collectively. Then
F ∗M = (A
∗µ
a ,Λ
∗
a, B
∗µ
a ,Ω
∗
a,Φ
∗ iR
iL
, Φ¯∗ iLiR) will stand for the corresponding noncommutative an-
tifields. Analogously, we have fM = (aaµ, λ
a, baµ, ω
a, φiLiR, φ¯
iR
iL
) , for the ordinary fields, and
f ∗M = (a
∗µ
a , λ
∗
a, b
∗µ
a , ω
∗
a, φ
∗ iL
iR
, φ¯∗ iRiL ) , for the ordinary antifields. The antibracket for the F
M
and F ∗M pairs, on the one hand, and f
M and f ∗M pairs, on the other, are defined as follows
(X, Y ) =
∫
d4x
∂rXˆ
∂FM
∂lYˆ
∂F ∗M
−
∂rXˆ
∂F ∗M
∂lYˆ
∂FM
, (X, Y ) =
∫
d4x
∂rX
∂fM
∂lY
∂f ∗M
−
∂rX
∂f ∗M
∂lY
∂fM
. (2.9)
The outcome of the analysis carried out in refs [38, 39, 40, 41] is that there are at least
three equivalent ways to characterize a Seiberg-Witten map. The way to characterize a Seiberg-
Witten map that suits our purposes goes as follows:
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A map FM [fM
′
, f ∗
M
′ ; hθ] , F ∗M [f
M
′
, f ∗
M
′ ; hθ] is a Seiberg-Witten map if, only if, it solves
the following problem
dFM
dh
= (Jˆ , FM), FM [fM
′
, f ∗
M
′ ; hθ]
∣∣∣
h=0
= fM ,
dF ∗M
dh
= (Jˆ , F ∗M), F
∗
M [f
M
′
, f ∗
M
′ ; hθ]
∣∣∣
h=0
= f ∗M ,
(2.10)
where the functional Jˆ [FM , F ∗M ; hθ] is such that the following equation holds
∂Sˆ
∂h
= Bˆ0 + (Jˆ , Sˆ), (2.11)
for some functional Bˆ0[f
M ; hθ] , which does not depend on the ordinary antifields f ∗M . In the
previous equation the functional Sˆ[FM , F ∗M ; hθ] is the minimal proper solution –see Refs. [49,
50], for terminology– of the classical master equation,
(Sˆ, Sˆ) = 0, (2.12)
of the noncommutative gauge theory. In the previous equation the antibracket is defined with
regard to the noncommutative fields and antifields –see (2.9).
It is assumed that the functionals Sˆ , Bˆ0 and Jˆ are polynomials with regard to the star
product of the noncommutative fields, noncommutative antifields and their derivatives. This
will not be so if we expressed them in terms of the ordinary fields and ordinary antifields.
Let Sˆ0[F
M ; hθ] denote a real functional which is invariant under the BRST transforma-
tions in (2.2), (2.4) and (2.6). Sˆ0[F
M ; hθ] is the classical noncommutative action of the theory
and it is constructed by using the noncommutative field strengths and noncommutative co-
variant derivatives. An example of such action which is a sum of integrated monomials of the
noncommutative fields, and their derivatives, with mass dimension less than o equal to 4 are
given in Appendix A.
It is not difficult to show that the minimal proper solution, Sˆ[FM , F ∗M ; hθ] , to the master
equation (2.12), which satisfies the boundary conditions
Sˆ[FM , F ∗M = 0; hθ] = Sˆ0[F
M ; hθ],
∂lSˆ
∂F ∗M
∣∣∣
F ∗M=0
= sNCF
M
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reads
Sˆ[FM , F ∗M ; hθ] = Sˆ0[F
M ; hθ] + SˆAntifields[F
M , F ∗M ; hθ],
SˆAntifields[F
M , F ∗M ; hθ] =
∫
d4x
(
A∗µa (DµΛ)
a +B∗µa (DµΩ)
a − iΛ∗a(Λ ⋆h Λ)
a − iΩ∗a(Ω ⋆h Ω)
a
+ Φ∗ iRiL (−iΛ ⋆h Φ+ iΦ ⋆h Ω)
iL
iR
+ Φ¯∗ iLiR(iΦ¯ ⋆h Λ− iΩ ⋆h Φ¯)
iR
iL
)
.
(2.13)
Let us recall that, for the time being, the noncommutative fields Aµ and Λ –and their
antifields– take values in the Lie algebra of U(nL) in the fundamental representation; whereas
the noncommutative fields Bµ and Ω –and their antifields- take values in the Lie algebra of
U(nR) in the fundamental representation.
Furnished with Sˆ[FM , F ∗M ; hθ] in (2.13), we shall look for a functional Jˆ [F
M , F ∗M ; hθ] such
that (2.11) holds. We claim that the Jˆ [FM , F ∗M ; hθ] in question reads thus
Jˆ [FM , F ∗M ; hθ] = −
∫
d4x
[
A∗µa
θij
4
(
{Ai, ∂jAµ + Ajµ}⋆h
)a
+B∗µa
θij
4
(
{Bi, ∂jBµ +Bjµ}⋆h
)a
+ Λ∗a
θij
4
(
{∂iΛ, Aj}⋆h
)a
+ Ω∗a
θij
4
(
{∂iΩ, Bj}⋆h
)a
−Φ∗ iRiL
(
θij
2
Ai ⋆h ∂jΦ+i
θij
4
Ai ⋆h Aj ⋆h Φ+
θij
2
∂jΦ ⋆h Bi−i
θij
4
Φ ⋆h Bj ⋆h Bi−i
θij
2
Ai ⋆h Φ ⋆h Bj
)iL
iR
−Φ¯∗ iLiR
(
θij
2
∂jΦ¯ ⋆h Ai−i
θij
4
Φ¯ ⋆h Aj ⋆h Ai+
θij
2
Bi ⋆h ∂jΦ¯+i
θij
4
Bi ⋆h Bj ⋆h Φ¯+i
θij
2
Bj ⋆h Φ¯ ⋆h Ai
)iR
iL
]
.
(2.14)
Since Jˆ is linear in the noncommutative antifields F ∗M , to show that our claim is correct
it is enough to prove that the F ∗M -dependent bit of
∂Sˆ[FM , F ∗M ; hθ]
∂h
is equal to the F ∗M -dependent part of
(Jˆ , Sˆ).
Let Aˆ[FM , F ∗M ; hθ] denote the contribution to (Jˆ , Sˆ) which does depend on the noncom-
mutative antifields, F ∗M , ie, the contribution that vanishes when the noncommutative antifields
are set to zero. Now, the fact that Jˆ is linear in the noncommutative antifields F ∗M leads to
the conclusion that the classical noncommutative action, Sˆ0[F
M ; hθ] –which in turn does not
depend on the noncommutative antifields, does not contribute to Aˆ[FM , F ∗M ; hθ] . Indeed,
Aˆ[FM , F ∗M ; hθ] = (Jˆ , SˆAntifields), (2.15)
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where SˆAntifields is given in (2.13). A very long, but straightforward, computation –see Ap-
pendix B, for details– yields the following result:
Aˆ[FM , F ∗M ; hθ] = −
θij
2
∫
d4x
[
A∗µa ({∂iAµ, ∂jΛ}⋆h)
a +B∗µa ({∂iBµ, ∂jΩ}⋆h)
a
− Λ∗a(∂iΛ ⋆h ∂jΛ)
a + Ω∗a(∂iΩ ⋆h ∂jΩ)
a
+ Φ∗ iRiL (−∂iΛ ⋆h ∂jΦ + ∂iΦ ⋆h ∂jΩ)
iL
iR
+ Φ¯∗ iLiR(∂iΦ¯ ⋆h ∂jΛ− ∂iΩ ⋆h ∂jΦ¯)
iR
iL
]
.
(2.16)
By computing the partial derivative of SˆAntifields[F
M , F ∗M ; hθ] in (2.13) with respect to h
–recall that no derivatives of FM and F ∗M with respect to h are taken, one also obtains the
R.H.S of (2.16). Thus we come to be conclusion that
∂Sˆ[FM ,F ∗M ;hθ]
∂h
− (Jˆ , Sˆ) = ∂Sˆ0[F
M ;hθ]
∂h
− (Jˆ , Sˆ0) +
∂SˆAntifields[F
M ,F ∗M ;hθ]
∂h
− Aˆ[FM , F ∗M ; hθ]
= ∂Sˆ0[F
M ;hθ]
∂h
− (Jˆ , Sˆ0) = B0[A
a
µ, B
a
µ,Φ
iL
iR
, ΦˆiRiL ; hθ].
It is key to realize that B0[A
a
µ, B
a
µ,Φ
iL
iR
, ΦˆiRiL ; hθ] does not depend on the noncommutative
antifields.
Now, taking into account that Jˆ in (2.14) is linear in the noncommutative antifields, one
comes to the conclusion that (Jˆ , FM) does not depend on the noncommutative antifields.
Hence the solution to the “evolution” problem
dFM
dh
= (Jˆ , FM), FM [fM
′
, f ∗
M
′ ; hθ]
∣∣∣
h=0
= fM (2.17)
only involves the ordinary fields, fM , and not the ordinary antifields f ∗M : F
M = FM [fM
′
; hθ] .
Thus, in our case B0[A
a
µ, B
a
µ,Φ
iL
iR
, ΦˆiRiL ; hθ] does not depend on the ordinary antifields when we
replace Aaµ , B
a
µ , Φ
iL
iR
and ΦˆiRiL in (2.14) with the corresponding solution to (2.17). We have
thus finished the proof that the equations in (2.10) define a Seiberg-Witten map for the Jˆ in
(2.14).
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Notice that for Jˆ in (2.14), one has
(Jˆ , Aaµ)La =
1
4
θij{Ai, ∂jAµ + Ajµ}⋆h , (Jˆ ,Λ
a)La =
1
4
θij{∂iΛ, Aj}⋆h ,
(Jˆ , Baµ)Ra =
1
4
θij{Bi, ∂jBµ +Bjµ}⋆h , (Jˆ ,Ω
a)Ra =
1
4
θij{∂iΩ, Bj}⋆h ,
(Jˆ ,ΦiLiR) =
(
1
2
θijAi ⋆h ∂jΦ +
i
4
θij Ai ⋆h Aj ⋆h Φ
)iL
iR
+
(
1
2
θij ∂jΦ ⋆h Bi −
i
4
θij Φ ⋆h Bj ⋆h Bi −
i
2
θij Ai ⋆h Φ ⋆h Bj
)iL
iR
,
(Jˆ , Φ¯iRiL ) =
(
1
2
θij ∂jΦ¯ ⋆h Ai −
i
4
θij Φ¯ ⋆h Aj ⋆h Ai
)iR
iL
+
(
1
2
θij Bi ⋆h ∂jΦ¯ +
i
4
θij Bi ⋆h Bj ⋆h Φ¯ +
i
2
θij Bj ⋆h Φ¯ ⋆h Ai
)iR
iL
,
(2.18)
where La and Ra are the generators of U(nL) and U(nR) in the corresponding fundamental
representations. La and Ra are normalized so that Tr(LaLb) = δab and Tr(RaRb) = δab .
Hence, taking into account the results in (2.18) and the equations in (2.17), one concludes that
the “evolution” equations in (2.7) and (2.8) define a Seiberg-Witten map.
So far the ordinary fields aµ and λ take values in the Lie algebra of U(nL) , in the
fundamental representation, and the ordinary fields bµ and ω take values in Lie algebra of
U(nR) , also in the fundamental representation. Let us now move on and consider the case
when the ordinary gauge fields and ghosts take values in faithful matrix representations of Lie
algebras of compact Lie groups.
Let ML denote the Lie algebra of nL × nL matrices which constitutes the finite faithful
representation of the Lie algebra of the compact Lie group GL we had at the beginning of
this section. Analogously, let MR denote the Lie algebra of nR × nR matrices which real-
ize a faithful representation of the Lie algebra of the compact Lie group GR we introduced
above. ML is a Lie subalgebra of the Lie algebra of U(nL) in the fundamental represen-
tation. Similarly, MR is a Lie subalgebras of the Lie algebra of U(nR) in the fundamental
representation. Then, then by restricting aµ and λ to take values in ML , and bµ and ω
to take values in MR , we conclude that the “evolution” equations in (2.7) and (2.8) define a
hybrid Seiberg-Witten map for arbitrary compact groups in faithful unitary finite dimensional
representations.
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3 Solving the hybrid Seiberg-Witten map equation in a θ -exact
way
Let us embrace the notion that in a noncommutative quantum field theory each interaction
vertex in momentum space is a monomial in the ordinary fields. Then one finds it natural
to solve the problem in (2.7) by expanding Φ[aµ, bµ, φ; hθ] in the number of ordinary gauge
fields. Hence, Φ[aµ, bµ, φ; hθ] will be given by
Φ[aµ, bµ, φ; hθ] =
∑
n≥0
Φ(n)[aµ, bµ, φ; hθ], (3.1)
where the superscript n in Φ(n)[aµ, bµ, φ; hθ] signals that its Fourier transform is a monomial
of degree n in the ordinary gauge fields. Obviously,
Φ(0)[aµ, bµ, φ; hθ]
∣∣
h=0
= φ, n > 0 =⇒ Φ(n)[aµ, bµ, φ; hθ]
∣∣
h=0
= 0, (3.2)
if the “initial” condition in (2.7) is to be met.
Substituting the expansion in (3.1) in the “evolution” equation in (2.7), one finds that the
differential equation can be solved recursively. Indeed, Φ(n)[aµ, bµ, φ; hθ] is given by
dΦ(n)
dh
= 1
2
θij
∑
m1+m2=n
A
(m2)
i ⋆h ∂jΦ
(m1) +
i
4
θij
∑
m1+m2+m3=n
A
(m2)
i ⋆h A
(m3)
j ⋆h Φ
(m1)
+ 1
2
θij
∑
m1+m2=n
∂jΦ
(m1) ⋆h B
(m2)
i −
i
4
θij
∑
m1+m2+m3=n
Φ(m1) ⋆h B
(m3)
j ⋆h B
(m2)
i
− i
2
θij
∑
m1+m2+m3=n
A
(m2)
i ⋆h Φ
(m1) ⋆h B
(m3)
j .
It is important to stress that in the previous equation m2 ≥ 1 and m3 ≥ 1 , whereas m1 ≥ 0 .
A
(m)
µ [aν ; hθ] and B
(m)
µ [bν ; hθ] are such that their Fourier transform are monomials of degree
m in aν and bν , respectively, and they furnish the following solutions to the Seiberg-Witten
problems in (2.8):
Aµ[aµ; hθ] =
∑
m≥1
A(m)µ [aν ; hθ], Bµ[bν ; hθ] =
∑
m≥1
B(m)µ [bν ; hθ].
A
(m)
µ [aν ; hθ] –and, therefore B
(m)
µ [bν ; hθ] – has been computed in [37] for m = 1, 2, 3 .
Let us work out Φ(n)[aµ, bµ, φ; hθ] for n = 0, 1, 2, 3 . The equations to be solved recursively,
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for the “initial” conditions in (3.2), read
dΦ(0)
dh
= 0,
dΦ(1)
dh
= 1
2
θijA
(1)
i ⋆h ∂jΦ
(0) + 1
2
θij∂jΦ
(0) ⋆h B
(1)
i ,
dΦ(2)
dh
= 1
2
θijA
(1)
i ⋆h ∂jΦ
(1) + 1
2
θijA
(2)
i ⋆h ∂jΦ
(0) + i
4
θij A
(1)
i ⋆h A
(1)
j ⋆h Φ
(0)
+1
2
θij∂jΦ
(1)⋆hB
(1)
i +
1
2
θij∂jΦ
(0) ⋆h B
(2)
i −
i
4
θij Φ(0) ⋆h B
(1)
j ⋆h B
(1)
i
− i
2
θij A
(1)
i ⋆h Φ
(0) ⋆h B
(1)
j ,
dΦ(3)
dh
= 1
2
θijA
(3)
i ⋆h ∂jΦ
(0) + 1
2
θijA
(2)
i ⋆h ∂jΦ
(1) + 1
2
θijA
(1)
i ⋆h ∂jΦ
(2)
+ i
4
θij A
(2)
i ⋆h A
(1)
j ⋆h Φ
(0) + i
4
θij A
(1)
i ⋆h A
(2)
j ⋆h Φ
(0) + i
4
θij A
(1)
i ⋆h A
(1)
j ⋆h Φ
(1)
+ 1
2
θij∂jΦ
(0) ⋆h B
(3)
i +
1
2
θij∂jΦ
(1) ⋆h B
(2)
i +
1
2
θij∂jΦ
(2) ⋆h B
(1)
i
− i
4
θij Φ(0) ⋆h B
(1)
j ⋆h B
(2)
i −
i
4
θij Φ(0) ⋆h B
(2)
j ⋆h B
(1)
i −
i
4
θij Φ(1) ⋆h B
(1)
j ⋆h B
(1)
i
− i
2
θij A
(2)
i ⋆h Φ
(0) ⋆h B
(1)
j −
i
2
θij A
(1)
i ⋆h Φ
(1) ⋆h B
(1)
j −
i
2
θij A
(1)
i ⋆h Φ
(0) ⋆h B
(2)
j .
(3.3)
Hence, by integrating with regard to h both sides of each differential equation in (3.3), one
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obtains
Φ(0)[aµ, bµ, φ; hθ] = φ,
Φ(1)[aµ, bµ, φ; hθ] =
∫ h
0
dt
(
1
2
θijai ⋆t ∂jφ+
1
2
θij∂jφ ⋆t bi
)
,
Φ(2)[aρ, bρ,Φ; hθ] =
∫ h
0
dt
(
1
2
θijai ⋆t ∂jΦ
(1)[tθ] + 1
2
θijA
(2)
i [tθ] ⋆t ∂jφ+
i
4
θij ai ⋆t aj ⋆t φ
+ 1
2
θij∂jΦ
(1)[tθ] ⋆t bi +
1
2
θij∂jφ ⋆t B
(2)
i [tθ]−
i
4
θijφ ⋆t bj ⋆t bi
− i
2
θij ai ⋆t φ ⋆t bj
)
,
Φ(3)[aµ, bµ, φ; hθ] =
∫ h
0
dt(
1
2
θijA
(3)
i [tθ] ⋆t ∂jφ+
1
2
θijA
(2)
i [tθ] ⋆t ∂jΦ
(1)[tθ] + 1
2
θijai ⋆t ∂jΦ
(2)[tθ]
+ i
4
θij A
(2)
i [tθ] ⋆t aj ⋆t φ+
i
4
θij ai ⋆t A
(2)
j [tθ] ⋆t φ+
i
4
θij ai ⋆t aj ⋆t Φ
(1)[tθ]
+1
2
θij∂jφ ⋆t B
(3)
i [tθ] +
1
2
θij∂jΦ
(1)[tθ] ⋆t B
(2)
i [tθ] +
1
2
θij∂jΦ
(2)[tθ] ⋆t bi[tθ]
− i
4
θijφ ⋆t bj [tθ] ⋆t B
(2)
i [tθ]−
i
4
θijφ ⋆t B
(2)
j [tθ] ⋆t bi[tθ]−
i
4
θijΦ(1)[tθ] ⋆t bj ⋆t bi
− i
2
θijA
(2)
i [tθ] ⋆t φ ⋆t bj [tθ]−
i
2
θijai[tθ] ⋆t Φ
(1)[tθ] ⋆t bj [tθ]−
i
2
θij ai ⋆t φ ⋆t B
(2)
j [tθ]
)
,
(3.4)
where we have taken into account that A(1)[aµ; hθ] = aµ and B
(1)[bµ; hθ] = bµ –see [37].
Next, let us carry out the integrations over t in the integrals in (3.4). Then, the following
expressions for Φ(1) and Φ(2) are obtained in momentum space:
Φ
(1) iL
iR
(x) =
∫
d4p1
(2π)4
d4p2
(2π)4
e−i(p1+p2)x θijp2j
e−i
h
2 (p1∧p2)−1
p1∧p2
(La)
iL
jL
aai (p1)φ(p2)
jL
iR
+
∫
d4p1
(2π)4
d4p2
(2π)4
e−i(p1+p2)x θijp2j
e−i
h
2 (p2∧p1)−1
p2∧p1
(Rb)
jR
iR
bbi(p1)φ(p2)
iL
jR
,
Φ
(2) iL
iR
(x) =
∫ ∏3
i=1
d4pi
(2π)4
e−i(p1+p2+p3)x
{M(2,0)[(µ1, p1); (µ2, p2); p3; hθ](La1La2)
iL
jL
aa1µ1(p1)a
a2
µ2
(p2)φ(p3)
jL
iR
+M(1,1)[(µ1, p1); (µ2, p2); p3; hθ](La1)
iL
jL
(Ra2)
jR
iR
aa1µ1(p1)b
a2
µ2
(p2)φ(p3)
jL
jR
+M(0,2)[(µ1, p1); (µ2, p2); p3; hθ](Ra1Ra2)
jR
iR
ba1µ1(p1)b
a2
µ2
(p2)φ(p3)
iL
jR
};
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where
M(2,0)[(µ1, p1); (µ2, p2); p3; hθ] = −
1
2
θij δµ1i δ
µ2
j
[ e−ih2 (p1∧p2+p1∧p3+p2∧p3) − 1
p1 ∧ p2 + p1 ∧ p3 + p2 ∧ p3
]
+θijθkl δµ1i δ
µ2
k (p2+p3)j p3l
1
p2 ∧ p3
[ e−ih2 (p1∧p2+p1∧p3+p2∧p3) − 1
p1 ∧ p2 + p1 ∧ p3 + p2 ∧ p3
−
e−i
h
2
p1∧(p2+p3) − 1
p1 ∧ (p2 + p3)
]
+1
2
θijθkl [2(p2l δ
µ1
k δ
µ2
i + p1l δ
µ2
k δ
µ1
i )− (p2−p1)i δ
µ1
k δ
µ2
l ] p3j
1
p1 ∧ p2
[ e−ih2 (p1∧p2+p1∧p3+p2∧p3) − 1
p1 ∧ p2 + p1 ∧ p3 + p2 ∧ p3
−
e−i
h
2
(p1+p2)∧p3 − 1
(p1 + p2) ∧ p3
]
,
M(1,1)[(µ1, p1); (µ2, p2); p3; hθ] = θ
ijθklδµ1k δ
µ2
i (p1 + p3)jp3l
1
p1 ∧ p3
[ e−ih2 (p1∧p2+p1∧p3+p3∧p2) − 1
p1 ∧ p2 + p1 ∧ p3 + p3 ∧ p2
−
e−i
h
2
(p1∧p2+p3∧p2) − 1
p1 ∧ p2 + p3 ∧ p2
]
−θijθkl(p2 + p3)jp3lδ
µ1
i δ
µ2
k
1
p2 ∧ p3
[ e−ih2 (p1∧p2+p1∧p3+p3∧p2) − 1
p1 ∧ p2 + p1 ∧ p3 + p3 ∧ p2
−
e−i
h
2
(p1∧p2+p1∧p3) − 1
p1 ∧ p2 + p1 ∧ p3
]
+ θij δµ1i δ
µ2
j
e−i
h
2
(p1∧p2+p1∧p3+p3∧p2) − 1
p1 ∧ p2 + p1 ∧ p3 + p3 ∧ p2
,
M(0,2)[(µ1, p1); (µ2, p2); p3; hθ] = M(2,0)[(µ2,−p2); (µ1,−p1);−p3; hθ].
The bar above M(2,0) stands for complex conjugate.
To carry out the integration over t in the expression in (3.4) giving Φ(3)[aµ, bµ, φ; hθ] ,
one needs A
(3)
i [tθ] , A
(2)
i [tθ] , B
(3)
i [tθ] and B
(2)
i [tθ] : these are given in ref. [37]. A lengthy
computation yields
Φ
(3) iL
iR
(x) =
∫ ∏4
i=1
d4pi
(2π)4
e−i(p1+p2+p3+p4)x
{M(3,0)[(µ1, p1); (µ2, p2); (µ3, p3); p4; hθ](La1La2La3)
iL
jL
aa1µ1(p1)a
a2
µ2
(p2)a
a3
µ3
(p3)φ(p4)
jL
iR
+M(2,1)[(µ1, p1); (µ2, p2); (µ3, p3); p4; hθ](La1La2)
iL
jL
(Ra3)
jR
iR
aa1µ1(p1)a
a2
µ2
(p2)b
a3
µ3
(p3)φ(p4)
jL
jR
+M(1,2)[(µ1, p1); (µ2, p2); (µ3, p3); p4; hθ](La1)
iL
jL
(Ra2Ra3)
jR
iR
aa1µ1(p1)b
a2
µ2
(p2)b
a3
µ3
(p3)φ(p4)
jL
jR
+M(0,3)[(µ1, p1); (µ2, p2); (µ3, p3); p4; hθ](Ra1Ra2Ra3)
iL
jL
ba1µ1(p1)b
a2
µ2
(p2)b
a3
µ3
(p3)φ(p4)
jL
iR
},
(3.5)
where M(3,0)[ · ; θ] , M(2,1)[ · ; θ] , M(1,2)[ · ; θ] and M(0,3)[ · ; θ] are given in Appendix C.
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4 Hybrid Seiberg-Witten maps of the Higgs field in the noncom-
mutative Standard Model
In this section, aµ(x) , bµ(x) and Gµ(x) will denote the U(1) , SU(2) and SU(3) gauge
fields of the ordinary Standard Model; φ(x) will stand for the ordinary Higgs doublet and 1I2
will stand for the unit on C2 . Let us recall that aµ(x) is a real vector field, that bµ(x) is a
hermitian complex matrix and that φ(x) takes values in C2 . Below, we shall use the entries,
G s1µ s2(x) , s1, s2 = 1, 2, 3 , of the matrix Gµ(x) , rather than the matrix itself, and, thus, make
apparent the doublet structure of the expressions displayed therein.
The reader should look up, in the previous section, the definitions of the functions
M(2,0)[(µ1, p1); (µ2, p2); p3; hθ] , M
(1,1)[(µ1, p1); (µ2, p2); p3; hθ] , M
(0,2)[(µ1, p1); (µ2, p2); p3; hθ] ,
M(2,1)[(µ1, p1); (µ2, p2); (µ3, p3); p4; hθ] , M
(3,0)[(µ1, p1); (µ2, p2); (µ3, p3); p4; hθ] ,
M(3,0)[(µ1, p1); (µ2, p2); (µ3, p3); p4; hθ] and M
(1,2)[(µ1, p1); (µ2, p2); (µ3, p3); p4; hθ] , which shall
occur below.
The construction of the noncommutative Yukawa terms of the noncommutative Standard
Model of Ref. [6] requires three types of hybrid Seiberg-Witten map of the ordinary Higgs field:
one for leptons and two for quarks. Let us begin with lepton case.
The noncommutative Yukawa term for leptons reads [6]
∑
f1f2
∫
d4xY
(lepton)
f1f2
Lˆ
(f1)
L ⋆ Φlepton ⋆ eˆ
(f2)
R .
Here, the noncommutative Higgs field, Φlepton , is defined by the following hybrid Seiberg-
Witten map
Φlepton(x) = φ(x) + Φ
(1)
lepton(x) + Φ
(2)
lepton(x) + Φ
(3)
lepton(x) + ....,
where
Φ
(1)
lepton(x) =
∫
d4p1
(2π)4
d4p2
(2π)4
e−i(p1+p2)x θijp2j
e−i
h
2 (p1∧p2)−1
p1∧p2
[−1
2
g
′
ai(p1)φ(p2) + g bi(p1)φ(p2)]
+
∫
d4p1
(2π)4
d4p2
(2π)4
e−i(p1+p2)x θijp2j
e
−i h2 (p2∧p1)−1
p2∧p1
[g
′
ai(p1)φ(p2)],
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Φ
(2)
lepton(x) =
∫ ∏3
i=1
d4pi
(2π)4
e−i(p1+p2+p3)x{
M(2,0)[(µ1, p1); (µ2, p2); p3; hθ]
((
− 1
2
g
′
aµ1(p1)1I2 + gbµ1(p1)
)(
− 1
2
g
′
aµ2(p2)1I2 + gbµ2(p2)
))
φ(p3)
+M(1,1)[(µ1, p1); (µ2, p2); p3; hθ]
((
− 1
2
g
′
aµ1(p1)1I2 + gbµ1(p1)
)
g
′
aµ2(p2)1I2
)
φ(p3)
+M(0,2)[(µ1, p1); (µ2, p2); p3; hθ]
(
(g
′
)2 aµ1(p1)aµ2(p2)1I2
)
φ(p3)
}
and
Φ
(3)
lepton(x) =
∫ ∏4
i=1
d4pi
(2π)4
e−i(p1+p2+p3+p4)x{
M(3,0)[(µ1, p1); (µ2, p2); (µ3, p3); p4; hθ]((
− 1
2
g
′
aµ1(p1)1I2 + gbµ1(p1)
)(
− 1
2
g
′
aµ2(p2)1I2 + gbµ2(p2)
)(
− 1
2
g
′
aµ3(p3)1I2 + gbµ3(p3)
))
φ(p4)
+M(2,1)[(µ1, p1); (µ2, p2); (µ3, p3); p4; hθ]((
− 1
2
g
′
aµ1(p1)1I2 + gbµ1(p1)
)(
− 1
2
g
′
aµ2(p2)1I2 + gbµ2(p2)
)
g
′
aµ3(p3)1I2
)
φ(p4)
+M(1,2)[(µ1, p1); (µ2, p2); (µ3, p3); p4; hθ]
((
− 1
2
g
′
aµ1(p1)1I2 + gbµ1(p1)
)
(g
′
)2 aµ2(p2)aµ3(p3)1I2
)
φ(p4)
+M(0,3)[(µ1, p1); (µ2, p2); (µ3, p3); p4; hθ](g
′
)3 aµ1(p1)aµ2(p2)aµ3(p3)1I2φ(p4)
}
.
The noncommutative Yukawa term for the down-type quarks is [6]∑
f1f2
∫
d4xY
(down)
f1f2
Qˆ
(f1)
s1 L
⋆ Φ s1downs2 ⋆ dˆ
(f2) s2
R . (4.1)
In the previous expression, the indices s1 and s2 run from 1 to 3 , since the ordinary quarks
are in the fundamental representation of SU(3) . The noncommutative Higgs field, Φ s1down s2(x) ,
in (4.1) is defined by the hybrid Seiberg-Witten map, with expansion
Φ s1down s2(x) = φ(x) δ
s1
s2
+ Φ
(1) s1
down s2
(x) + Φ
(2) s1
down s2
(x) + Φ
(3) s1
down s2
(x) + ....,
that is obtained by setting zd = 1/3 in the following expressions:
Φ
(1) s1
down s2
(x) =
∫
d4p1
(2π)4
d4p2
(2π)4
e−i(p1+p2)x θijp2j
e−i
h
2 (p1∧p2)−1
p1∧p2
[1
6
g
′
ai(p1)φ(p2) δ
s1
s2
+ g bi(p1)φ(p2) δ
s1
s2
+ gsG
s1
i s2
(p1)φ(p2)]
+
∫
d4p1
(2π)4
d4p2
(2π)4
e−i(p1+p2)x θijp2j
e−i
h
2 (p2∧p1)−1
p2∧p1
[zd g
′
ai(p1)φ(p2) δ
s1
s2
− gsG
s1
i s2
(p1)φ(p2)],
(4.2)
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Φ
(2) s1
down s2
(x) =
∫ ∏3
i=1
d4pi
(2π)4
e−i(p1+p2+p3)x{
M(2,0)[(µ1, p1); (µ2, p2); p3; hθ]
((
1
6
g
′
aµ1(p1)δ
s1
s3
1I2 + gbµ1(p1)δ
s1
s3
+ gsG
s1
µ1 s3
(p1)1I2
)
(
1
6
g
′
aµ2(p2)δ
s3
s2
1I2 + gbµ2(p2)δ
s3
s2
+ gsG
s3
µ2 s2
(p2)1I2
))
φ(p3)
+M(1,1)[(µ1, p1); (µ2, p2); p3; hθ]
((
1
6
g
′
aµ1(p1)δ
s1
s3
1I2 + gbµ1(p1)δ
s1
s3
+ gsG
s1
µ1 s3
(p1)1I2
)
(
zdg
′
aµ2(p2)δ
s3
s2
1I2 − gsG
s3
µ2 s2
(p2)1I2
))
φ(p3)
+M(0,2)[(µ1, p1); (µ2, p2); p3; hθ]
((
zdg
′
aµ1(p1)δ
s1
s3
1I2 − gsG
s1
µ1 s3
(p1)1I2
)
(
zdg
′
aµ2(p2)δ
s3
s2
1I2 − gsG
s3
µ2 s2
(p2)1I2
))
φ(p3)
}
(4.3)
and
Φ
(3) s1
down s2
(x) =
∫ ∏4
i=1
d4pi
(2π)4
e−i(p1+p2+p3+p4)x{
M(3,0)[(µ1, p1); (µ2, p2); (µ3, p3); p4; hθ]((
1
6
g
′
aµ1(p1)δ
s1
s3
1I2 + gbµ1(p1)δ
s1
s3
+ gsG
s1
µ1 s3
(p1)1I2
)(
1
6
g
′
aµ2(p2)δ
s3
s4
1I2 + gbµ2(p2)δ
s3
s4
+ gsG
s3
µ1 s4
(p2)1I2
)
(
1
6
g
′
aµ3(p3)δ
s4
s2
1I2 + gbµ3(p3)δ
s4
s2
+ gsG
s4
µ1 s2
(p3)1I2
))
φ(p4)
+M(2,1)[(µ1, p1); (µ2, p2); (µ3, p3); p4; hθ]
((
1
6
g
′
aµ1(p1)δ
s1
s3
1I2 + gbµ1(p1)δ
s1
s3
+ gsG
s1
µ1 s3
(p1)1I2
)
(
1
6
g
′
aµ2(p2)δ
s3
s4
1I2 + gbµ2(p2)δ
s3
s4
+ gsG
s3
µ1 s4
(p2)1I2
)(
zdg
′
aµ3(p3)δ
s4
s2
1I2 − gsG
s4
µ1 s2
(p3)1I2
))
φ(p4)
+M(1,2)[(µ1, p1); (µ2, p2); (µ3, p3); p4; hθ]
((
1
6
g
′
aµ1(p1)δ
s1
s3
1I2 + gbµ1(p1)δ
s1
s3
+ gsG
s1
µ1 s3
(p1)1I2
)
(
zdg
′
aµ2(p2)δ
s3
s4
1I2 − gsG
s3
µ1 s4
(p2)1I2
)(
zdg
′
aµ3(p3)δ
s4
s2
1I2 − gsG
s4
µ1 s2
(p3)1I2
))
φ(p4)
+M(0,3)[(µ1, p1); (µ2, p2); (µ3, p3); p4; hθ]
((
zdg
′
aµ1(p1)δ
s1
s3
1I2 − gsG
s1
µ1 s3
(p1)1I2
)
(
zdg
′
aµ2(p2)δ
s3
s4
1I2 − gsG
s3
µ1 s4
(p2)
)(
zdg
′
aµ3(p3)δ
s4
s2
1I2 − gsG
s4
µ1 s2
(p3)1I2
))
φ(p4)
}
.
(4.4)
Finally, the noncommutative Yukawa term for the up-type quarks [6] reads∑
f1f2
∫
d4xY
(up)
f1f2
Qˆ
(f1)
s1 L
⋆ Φ s1up s2 ⋆ uˆ
(f2) s2
R .
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The noncommutative Higgs field, Φ s1up s2 , is a hybrid Seiberg-Witten map with an expansion
in the number of gauge fields,
Φ s1up s2(x) = iτ2φ(x) δ
s1
s2
+ Φ(1) s1up s2 (x) + Φ
(2) s1
up s2
(x) + Φ(3) s1up s2 (x) + ....,
whose terms Φ
(1) s1
up s2 (x) , Φ
(2) s1
up s2 (x) and Φ
(3) s1
up s2 (x) are obtained by setting zd = −2/3 and
replacing φ with iτ2φ in (4.2), (4.3) and (4.4), respectively.
To close this section we shall derive, following ref. [25], a θ -exact expression of a general
Yukawa term of the form
SY ukawa[θ
µν ] =
∫
d4xΨ ⋆ Φ ⋆ χ,
where Φ is a noncommutative scalar field defined by the hybrid Seiberg-Witten map in (2.7)
and Ψ and χ are noncommutative spinor fields defined by the following equations
dΨ
dh
= 1
2
θij ∂jΨ ⋆h Ai −
i
4
θij Ψ ⋆h Aj ⋆h Ai
dξ
dh
= 1
2
θij Bi ⋆h ∂jχ+
i
4
θij Bi ⋆h Bj ⋆h χ.
(4.5)
Notice that Ψ and χ transforms under noncommutative BRS transformations as follows
sNCΨ = iΦ ⋆h Λ, sNCχ = −iΩ ⋆h χ,
so that SY ukawa is BRS invariant.
Now replacing θµν with hθµν in SY ukawa[θ
µν ] and using (2.7) and (4.5), one obtains after
some algebra
dSY ukawa[hθ]
dh
=
∫
d4x
(
− i
2
θij DiΨ[h] ⋆h Φ[h] ⋆h Djχ[h] +
θij
4
Ψ[h] ⋆h Aij [h] ⋆h Φ[h] ⋆h χ[h]
+ θ
ij
4
Ψ[h] ⋆h Bij [h] ⋆h Φ[h] ⋆h χ[h]
)
.
Aµν and Bµν are the field strengths of Aµ and Bµ , respectively. Integrating both sides of
the previous equation with respect to h one gets
SY ukawa[θ
µν ] = SY ukawa[0] + Snccorrection[θ
µν ],
Snccorrection[θ
µν ] =
∫
d4x
∫ 1
0
dh
(
− i
2
θij DiΨ[h] ⋆h Φ[h] ⋆h Djχ[h] +
θij
4
Ψ[h] ⋆h Aij[h] ⋆h Φ[h] ⋆h χ[h]
+ θ
ij
4
Ψ[h] ⋆h Bij[h] ⋆h Φ[h] ⋆h χ[h]
)
,
(4.6)
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where SY ukawa[0] is the Yukawa term on ordinary space-time. The previous expression is
a θ -exact closed expression for SY ukawa[θ
µν ] in terms of the θ -exact Seiberg-Witten maps
where the full θ -exact noncommutative correction to the ordinary Yukawa term has been
isolated and can be used to iteratively compute such correction as powers in the number of
ordinary gauge fields. Notice that what (4.6) shows is that the noncommutative Yukawa correc-
tion, Snccorrection[θ
µν ] , has a beautiful expression in terms of the noncommutative differential-
geometric objects –namely, the gauge curvatures and the covariant derivatives– and is thus
explicitly gauge invariant. The particularization of the previous expression to the Noncommu-
tative Standard model is straightforward.
5 Final comments and outlook
In this paper we have shown how the antifield formalism can be successfully used to derive an
“evolution” equation for the hybrid Seiberg-Witten map for arbitrary compact gauge groups in
arbitrary faithful matrix representations, thus implying that noncommutative gauge theories
with hybrid Seiberg-Witten map are consistent deformations of ordinary gauge theories in the
sense of [38]. We have also shown that this “evolution” equation can be solved recursively in
a θ -exact way, thus providing a tool to systematically construct hybrid Seiberg-Witten maps
which will give rise to UV/IR mixing effects. We have computed the expansion of a general θ -
exact hybrid Seiberg-Witten up to order three in the number of ordinary gauge fields. Finally,
we have worked out explicitly, up to three ordinary gauge fields, the three θ -exact hybrid
Seiberg-Witten map that are needed to formulate the Yukawa terms of the noncommutative
Standard Model. We also derive the general expression of the θ -exact noncommutative cor-
rections to a general ordinary Yukawa term in terms of noncommutative field strengths and
covariant derivatives. Furnished with formulae presented in this paper –along with the results
in Ref. [37]– a systematic study of the occurrence of noncommutative effects –UV/IR mix-
ing phenomena, in particular– on the physics of the Higgs particle and other particles of the
Standard Model can be launched. Besides, the equivalence, at the quantum level, of supersym-
metric noncommutative U(n) gauge theories formulated in terms of noncommutative fields
and the same classical theories formulated, by means of the Seiberg-Witten map, in terms of
ordinary fields can be systematically analyzed for matter in the fundamental, anti-fundamental
and bi-fundamnetal representations.
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6 Appendix A
Let ΦiLiR be a boson field. Let
Aµν = ∂µAν−∂νAµ+i[Aµ, Aν ]⋆, Bµν = ∂µBν−∂νBµ+i[Bµ, Bν ]⋆, DµΦ = ∂µΦ+iAµ⋆Φ−iΦ⋆Bµ.
Then, a standard functional that is invariant under the BRST transformations in (2.2), (2.4)
and (2.6) reads
Sˆ0 = −
1
4g2A
∫
d4xTrAµν ⋆A
µν−
1
4g2B
∫
d4xTrBµν ⋆B
µν+
∫
d4x (DµΦ¯)
iR
iL
⋆ (DµΦ)
iL
iR
−V [ΦiLiR , Φ¯
iR
iL
],
where
V [ΦiLiR , Φ¯
iR
iL
] = ±M2
∫
d4x Φ¯iRiL ⋆ Φ
iL
iR
+ λ
∫
d4x Φ¯iRjL ⋆ Φ
jL
i
′
R
⋆ Φ¯
i
′
R
j
′
L
⋆ Φ
j
′
L
iR
.
In the equations above repeated indices indicates sum over all their values.
7 Appendix B
Here we shall give some details of the computation of Aˆ[FM , F ∗M ; hθ] in (2.15) and (2.16). We
shall focus on the contributions that are linear in the antifields Φ∗ iRiL
The antibracket (Jˆ , SˆAntifields) is defined, in full detail, as follows
(Jˆ , SˆAntifields) =∫
d4x
[
∂rJˆ
∂Aaµ
∂lSˆAntifields
∂A
∗µ
a
− ∂rJˆ
∂A
∗µ
a
∂lSˆAntifields
∂Aaµ
+ ∂rJˆ
∂Baµ
∂lSˆAntifields
∂B
∗ µ
a
− ∂rJˆ
∂B
∗ µ
a
∂lSˆAntifields
∂Baµ
+ ∂rJˆ
∂Λa
∂lSˆAntifields
∂Λ∗a
− ∂rJˆ
∂Λ∗a
∂lSˆAntifields
∂Λa
+ ∂rJˆ
∂Ωa
∂lSˆAntifields
∂Ω∗a
− ∂rJˆ
∂Ω∗a
∂lSˆAntifields
∂Ωa
+ ∂rJˆ
∂Φ
iL
iR
∂lSˆAntifields
∂Φ
∗ iR
iL
− ∂rJˆ
∂Φ
∗ iR
iL
∂lSˆAntifields
∂Φ
iL
iR
+ ∂rJˆ
∂Φ¯
iR
iL
∂lSˆAntifields
∂Φ¯
∗ iL
iR
− ∂rJˆ
∂Φ¯
∗ iL
iR
∂lSˆAntifields
∂Φ¯
iR
iL
]
.
(7.1)
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Let us display the contributions to the previous equation which are linear in Φ∗ iRiL :∫
d4x ∂rJˆ
∂Aaµ
∂lSˆAntifields
∂A
∗µ
a
=
−
∫
d4x Φ∗ iRiL
(
θij
2
DiΛ ⋆h ∂jΦ + i
θij
4
DiΛ ⋆h Aj ⋆h Φ+ i
θij
4
Ai ⋆h DjΛ ⋆h ⋆hΦ− i
θij
2
DiΛ ⋆h Φ ⋆h Bj
)iL
iR
,∫
d4x ∂rJˆ
∂Baµ
∂lSˆAntifields
∂B
∗ µ
a
=
−
∫
d4x Φ∗ iRiL
(
θij
2
∂jΦ ⋆h DiΩ− i
θij
4
Φ ⋆h DjΩ ⋆h Bi − i
θij
4
Φ ⋆h Bj ⋆h DiΩ− i
θij
2
Ai ⋆h Φ ⋆h DjΩ
)iL
iR
,∫
d4x ∂rJˆ
∂Λa
∂lSˆAntifields
∂Λ∗a
= −
∫
d4x Φ∗ iRiL i
θij
4
(
∂iΛ ⋆h Aj ⋆h Φ+ Aj ⋆h ∂iΛ ⋆h Φ
)iL
iR
,∫
d4x ∂rJˆ
∂Ωa
∂lSˆAntifields
∂Ω∗a
=
∫
d4x Φ∗ iRiL i
θij
4
(
Φ ⋆h ∂iΩBj + Φ ⋆h Bj ⋆h ∂iΩ
)iL
iR
,∫
d4x ∂rJˆ
∂Φ
iL
iR
∂lSˆAntifields
∂Φ
∗ iR
iL
=
−
∫
d4x
[
Φ∗ iRiL
(
θij
2
Ai ⋆h [−iΛ ⋆h Φ+ iΦ ⋆h Ω] + i
θij
4
Ai ⋆h Aj ⋆h [−iΛ ⋆h Φ+ iΦ ⋆h Ω]
+ θ
ij
2
∂j [−iΛ ⋆h Φ + iΦ ⋆h Ω] ⋆h Bi − i
θij
4
[−iΛ ⋆h Φ + iΦ ⋆h Ω] ⋆h Bj ⋆h Bi
− θ
ij
2
Ai ⋆h [−iΛ ⋆h Φ + iΦ ⋆h Ω] ⋆h Bj
)iL
iR
]
,∫
d4x ∂rJˆ
∂Φ
∗ iR
iL
∂lSˆAntifields
∂Φ
iL
iR
=
∫
d4xΦ∗ iRiL
[
(
iΛ ⋆h [
θij
2
Ai ⋆h ∂jΦ+ i
θij
4
Ai ⋆h Aj ⋆h Φ +
θij
2
∂jΦ ⋆h Bi − i
θij
4
Φ ⋆h Bj ⋆h Bi −
θij
2
Ai ⋆h Φ ⋆h Bj ]
)iL
iR
+
(
[ θ
ij
2
Ai ⋆h ∂jΦ+ i
θij
4
Ai ⋆h Aj ⋆h Φ +
θij
2
∂jΦ ⋆h Bi − i
θij
4
Φ ⋆h Bj ⋆h Bi −
θij
2
Ai ⋆h Φ ⋆h Bj ] ⋆h Ω
)iL
iR
]
.
The substitution of the previous results in (7.1) and some lengthy algebra yields that the
contribution to Aˆ[FM , F ∗M ; hθ] that is linear in Φ
∗ iR
iL
reads∫
d4x Φ∗ iRiL
θij
2
(
∂iΛ ⋆h ∂jΦ− ∂iΦ ⋆h ∂jΩ
)iL
iR
,
which matches the appropriate summands in the RHS of (2.16). All the remaining summands
in the RHS of (2.16) are obtained by carrying out similar algebraic computations.
8 Appendix C
In this Appendix we give the value M(3,0)[(µ1, p1); (µ2, p2); (µ3, p3); p4; hθ] ,
M(3,0)[(µ1, p1); (µ2, p2); (µ3, p3); p4; hθ] , M
(2,1)[(µ1, p1); (µ2, p2); (µ3, p3); p4; hθ]
and M(1,2)[(µ1, p1); (µ2, p2); (µ3, p3); p4; hθ] in (3.5). Let us begin with some definitions
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P
(3)
m [(p1, µ1), (p2, µ2), (p3, µ3); θ] =
1
4
θijθkl
{
[4(p3l δ
µ2
k δ
µ3
i +p2l δ
µ2
i δ
µ3
k )− 2(p3−p2)i δ
µ2
k δ
µ3
l ]p1j δ
µ1
m
+ [4(p3l δ
µ2
k δ
µ3
m + p2l δ
µ2
m δ
µ3
k )− 2(p3−p2)m δ
µ2
k δ
µ3
l ] (p2+p3)j δ
µ1
i
− [2(p3l δ
µ2
k δ
µ3
i + p2l δ
µ2
i δ
µ3
k )− (p3−p2)i δ
µ2
k δ
µ3
l ] p1m δ
µ1
j
− [2(p3l δ
µ2
k δ
µ3
j + p2l δ
µ2
j δ
µ3
k )− (p3−p2)j δ
µ2
k δ
µ3
l ](p2+p3)m δ
µ1
i
}
,
Q
(3)
m [µ1, µ2, µ3; θ] = −
1
2
θij(δµ1i δ
µ2
j δ
µ3
m − δ
µ1
i δ
µ2
m δ
µ3
j ).
Σ(p1, p2, p3, p4, θ) =
∑
i<j p1 ∧ pj = (p1 + p2 + p3) ∧ p4 + p2 ∧ p3 + p1 ∧ (p2 + p3),
Θ(p1, p2, p3, p4, θ) = (p1 + p2 + p3) ∧ p4 + p2 ∧ p3 − p1 ∧ (p2 + p3),
L1(p1, p2, p3, p4; h, θ) =
1
p1 ∧ (p2 + p3) + p2 ∧ p3
[e−ih2Σ(p1,p2,p3,p4,θ) − 1
Σ(p1, p2, p3, p4, θ)
−
e−i
h
2
(p1+p2+p3)∧p4 − 1
(p1 + p2 + p3) ∧ p4
]
,
L2(p1, p2, p3, p4; h, θ) =
1
−p1 ∧ (p2 + p3) + p2 ∧ p3
[e−ih2Θ(p1,p2,p3,p4,θ) − 1
Θ(p1, p2, p3, p4, θ)
−
e−i
h
2
(p1+p2+p3)∧p4 − 1
(p1 + p2 + p3) ∧ p4
]
,
K1(p1, p2, p3, p4; h, θ) =
1
p2 ∧ p3
{
L1(p1, p2, p3; h, θ)
−
1
p1 ∧ (p2 + p3)
[ e−ih2 [(p1+p2+p3)∧p4+p1∧(p2+p3)] − 1
(p1 + p2 + p3) ∧ p4 + p1 ∧ (p2 + p3)
−
e−i
h
2
(p1+p2+p3)∧p4 − 1
(p1 + p2 + p3) ∧ p4
]}
,
K2(p1, p2, p3, p4; h, θ) =
1
p2 ∧ p3
{
L2(p1, p2, p3; h, θ)
+
1
p1 ∧ (p2 + p3)
[ e−ih2 [(p1+p2+p3)∧p4−p1∧(p2+p3)] − 1
(p1 + p2 + p3) ∧ p4 − p1 ∧ (p2 + p3)
−
e−i
h
2
(p1+p2+p3)∧p4 − 1
(p1 + p2 + p3) ∧ p4
]}
,
K3(p1, p2, p3, p4; h, θ) =
1
(p1 ∧ p2)(p3 ∧ p4)
[e−ih2Σ(p1,p2,p3,p4,θ) − 1
Σ(p1, p2, p3, p4, θ)
−
e−i
h
2
[p1∧p2+(p1+p2)∧(p3+p4)] − 1
p1 ∧ p2 + (p1 + p2) ∧ (p3 + p4)
−
e−i
h
2
[p3∧p4+(p1+p2)∧(p3+p4)] − 1
p3 ∧ p4 + (p1 + p2) ∧ (p3 + p4)
+
e−i
h
2
(p1+p2)∧(p3+p4) − 1
(p1 + p2) ∧ (p3 + p4)
]
,
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K4(p1, p2, p3, p4; h, θ) =
1
p3 ∧ p4
{ 1
p2 ∧ p3 + (p2 + p3) ∧ p4
[e−ih2Σ(p1,p2,p3,p4,θ) − 1
Σ(p1, p2, p3, p4, θ)
−
e−i
h
2
p1∧(p2+p3+p4) − 1
p1 ∧ (p2 + p3 + p4)
]
−
1
p2 ∧ (p3 + p4)
[ e−ih2 [p1∧(p2+p3+p4)+p2∧(p3+p4)] − 1
p1 ∧ (p2 + p3 + p4) + p2 ∧ (p3 + p4)
−
e−i
h
2
p1∧(p2+p3+p4) − 1
p1 ∧ (p2 + p3 + p4)
]}
,
K5(p1, p2, p3, p4; h, θ) =
1
p2 ∧ p3
{ 1
p2 ∧ p3 + (p2 + p3) ∧ p4
[e−ih2Σ(p1,p2,p3,p4,θ) − 1
Σ(p1, p2, p3, p4, θ)
−
e−i
h
2
p1∧(p2+p3+p4) − 1
p1 ∧ (p2 + p3 + p4)
]
−
1
(p2 + p3) ∧ p4
[ e−ih2 [p1∧(p2+p3+p4)+(p2+p3)∧p4] − 1
p1 ∧ (p2 + p3 + p4) + (p2 + p3) ∧ p4
−
e−i
h
2
p1∧(p2+p3+p4) − 1
p1 ∧ (p2 + p3 + p4)
]}
,
K6(p1, p2, p3, p4; h, θ) =
1
p2 ∧ p3 + (p2 + p3) ∧ p4
[e−ih2Σ(p1,p2,p3,p4,θ) − 1
Σ(p1, p2, p3, p4, θ)
−
e−i
h
2
p1∧(p2+p3+p4) − 1
p1 ∧ (p2 + p3 + p4)
]
K7(p1, p2, p3, p4; h, θ) =
1
p1 ∧ p2
[e−ih2Σ(p1,p2,p3,p4,θ) − 1
Σ(p1, p2, p3, p4, θ)
−
e−i
h
2
[(p1+p2)∧(p3+p4)+p3∧p4] − 1
(p1 + p2) ∧ (p3 + p4) + p3 ∧ p4
]
,
K8(p1, p2, p3, p4; h, θ) =
1
p2 ∧ p3
[e−ih2Σ(p1,p2,p3,p4,θ) − 1
Σ(p1, p2, p3, p4, θ)
−
e−i
h
2
[p1∧(p2+p3+p4)+(p2+p3)∧p4] − 1
p1 ∧ (p2 + p3 + p4) + (p2 + p3) ∧ p4
]
,
K9(p1, p2, p3, p4; h, θ) =
1
p3 ∧ p4
[e−ih2Σ(p1,p2,p3,p4,θ) − 1
Σ(p1, p2, p3, p4, θ)
−
e−i
h
2
[p1∧(p2+p3+p4)+p2∧(p3+p4)] − 1
p1 ∧ (p2 + p3 + p4) + p2 ∧ (p3 + p4)
]
.
Then
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M(3,0)[(µ1, p1); (µ2, p2); (µ3, p3); p4; hθ] = θ
mn p4n[
P
(3)
m [(p1, µ1), (p2, µ2), (p3, µ3); θ]K1(p1, p2, p3, p4; h, θ) +Q
(3)
m [µ1, µ2, µ3; θ]L1(p1, p2, p3, p4; h, θ)
+P
(3)
m [(p3, µ3), (p1, µ1), (p2, µ2); θ]K2(p3, p1, p2, p4; h, θ) +Q
(3)
m [µ3, µ1, µ2; θ]L2(p3, p1, p2, p4; h, θ)
]
+θijθmnθkl
[
1
2
(p3+p4)j[2(p2l δ
µ1
k δ
µ2
i + p1l δ
µ2
k δ
µ1
i )− (p2−p1)i δ
µ1
k δ
µ2
l ] δ
µ3
m p4n K3(p1, p2, p3, p4; h, θ)
+δµ1i δ
µ2
m δ
µ3
k (p2+p3+p4)j (p3+p4)n p4l K4(p1, p2, p3, p4; h, θ)
+1
2
δµ1i (p2+p3+p4)jp4n [2(p3l δ
µ2
k δ
µ3
m + p2l δ
µ2
m δ
µ3
k )− (p3−p2)m δ
µ2
k δ
µ3
l ] K5(p1, p2, p3, p4; h, θ)
]
−1
2
θijθkl δµ1i δ
µ2
k δ
µ3
l (p2+p3+p4)j K6(p1, p2, p3, p4; h, θ)
−1
4
θijθkl
[
[2(p2l δ
µ1
k δ
µ2
i + p1l δ
µ2
k δ
µ1
i )− (p2−p1)i δ
µ1
k δ
µ2
l ] δ
µ3
j K7(p1, p2, p3, p4; h, θ)
+ δµ1i [2(p3l δ
µ2
k δ
µ3
j + p2l δ
µ2
j δ
µ3
k )− (p3−p2)j δ
µ2
k δ
µ3
l ] K8(p1, p2, p3, p4; h, θ)
+ 2 δµ1i δ
µ2
j δ
µ3
k p4l K9(p1, p2, p3, p4; h, θ)
]
,
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M(2,1)[(µ1, p1); (µ2, p2); (µ3, p3); p4; hθ] =
[
1
2
θijθkl(2p2lδ
µ1
k δ
µ2
i + 2p1lδ
µ1
i δ
µ2
k − (p1 − p2)iδ
µ1
l δ
µ2
k )δ
µ3
j
]
1
p1 ∧ p2
(
e−i
h
2
[p1∧(p2+p3+p4)+p2∧(p3+p4)+p4∧p3] − 1
p1 ∧ (p2 + p3 + p4) + p2 ∧ (p3 + p4) + p4 ∧ p3
−
e−i
h
2
[p1∧(p3+p4)+p2∧(p3+p4)+p4∧p3] − 1
p1 ∧ (p3 + p4) + p2 ∧ (p3 + p4) + p4 ∧ p3
)
+θijθklδµ1i δ
µ2
k δ
µ3
j p4l
1
p2 ∧ p4
(
e−i
h
2
[p1∧(p2+p3+p4)+p2∧(p3+p4)+p4∧p3] − 1
p1 ∧ (p2 + p3 + p4) + p2 ∧ (p3 + p4) + p4 ∧ p3
−
e−i
h
2
[p1∧(p2+p3+p4)+(p2+p4)∧p3] − 1
p1 ∧ (p2 + p3 + p4) + (p2 + p4) ∧ p3
)
+
1
2
θijθkl(2p2lδ
µ1
k δ
µ2
i − p2iδ
µ1
k δ
µ2
l + 2p1lδ
µ1
i δ
µ2
k − p1iδ
µ1
l δ
µ2
k )(p3 + p4)jθ
mnp4nδ
µ3
m
1
(p1 ∧ p2)(p4 ∧ p3)(
e−i
h
2
[p1∧p2+p4∧p3+(p1+p2)∧(p3+p4)] − 1
p1 ∧ p2 + p4 ∧ p3 + (p1 + p2) ∧ (p3 + p4)
−
e−i
h
2
[p1∧p2+(p1+p2)∧(p3+p4)] − 1
p1 ∧ p2 + (p1 + p2) ∧ (p3 + p4)
−
e−i
h
2
[p4∧p3+(p1+p2)∧(p3+p4)] − 1
p4 ∧ p3 + (p1 + p2) ∧ (p3 + p4)
+
e−i
h
2
(p1+p2)∧(p3+p4) − 1
(p1 + p2) ∧ (p3 + p4)
)
+θijδµ1i (p2 + p3 + p4)j[(
θklθmnδµ2m δ
µ3
k (p2 + p4)l p4n
1
p2 ∧ p4
− θklθmn(p3 + p4)l p4nδ
µ2
k δ
µ3
m
1
p3 ∧ p4
+ θklδµ2k δ
µ3
l
)
1
p2 ∧ (p3 + p4) + p4 ∧ p3
(
e−i
h
2
[p2∧(p3+p4)+p4∧p3+p1∧(p2+p3+p4)] − 1
p2 ∧ (p3 + p4) + p4 ∧ p3 + p1 ∧ (p2 + p3 + p4)
−
e−i
h
2
[p1∧(p2+p3+p4)] − 1
p1 ∧ (p2 + p3 + p4)
)
−θklθmnδµ2m δ
µ3
k (p2 + p4)lp4n
1
p2 ∧ p4
1
(p2 + p4) ∧ p3
(
e−i
h
2
[(p2+p4)∧p3+p1∧(p2+p3+p4)] − 1
(p2 + p4) ∧ p3 + p1 ∧ (p2 + p3 + p4)
−
e−i
h
2
[p1∧(p2+p3+p4)] − 1
p1 ∧ (p2 + p3 + p4)
)
+θklθmn(p3 + p4)l p4nδ
µ2
k δ
µ3
m
1
p3 ∧ p4
1
p2 ∧ (p3 + p4)
(
e−i
h
2
[p2∧(p3+p4)+p1∧(p2+p3+p4)] − 1
p2 ∧ (p3 + p4) + p1 ∧ (p2 + p3 + p4)
−
e−i
h
2
[p1∧(p2+p3+p4)] − 1
p1 ∧ (p2 + p3 + p4)
)]
−1
2
θijθklδµ1i δ
µ2
j δ
µ3
k p4l
1
p4 ∧ p3
(
e−i
h
2
[p1∧(p2+p3+p4)+p2∧(p3+p4)+p4∧p3] − 1
p1 ∧ (p2 + p3 + p4) + p2 ∧ (p3 + p4) + p4 ∧ p3
−
e−i
h
2
[p1∧(p2+p3+p4)+p2∧(p3+p4)] − 1
p1 ∧ (p2 + p3 + p4) + p2 ∧ (p3 + p4)
)
,
M(1,2)[(µ1, p1); (µ2, p2); (µ3, p3); p4; hθ] = M(2,1)[(µ3,−p3); (µ2,−p2); (µ1,−p1);−p4; hθ],
M(0,3)[(µ1, p1); (µ2, p2); (µ3, p3); p4; hθ] = M(3,0)[(µ3,−p3); (µ2,−p2); (µ1,−p1);−p4; hθ].
The bar above M(1,2) and M(3,0) denotes complex conjugation.
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